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Quantitative representations of Donnegative bounded waveforms have traditionally been insensitive
t0 substantive features of the topography of those waveforms. This isan important class of waveforms
in psychophysioiogy, ranging from the integrated electromvographic response in the tirne domain 1o
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" ment provides the basis for a measure of central tendency, the higher order €ven moments provide
the basis for a muitidimensional indicant of dispersion about a specified reference point (e.g.. abour
the first moment), and the higher order odd moments provide the basis for a multidimensionai indj-

A quantity of data which by its mere bulk may be incapable of
entering the mind is 10 be replaced by relanvely few quantities
which shail adequately represent the whole. or which, in other
words. shall contain as much as possible, ideaily the whole, of the
relevant :nformaton contarned ig the original data. (Fisher, 1922,
p. 309)

As Fisher (1922) noted. a general problem in statistics is sum-
marizing complex data in a manner that minimizes the loss of

Daia may take various forms. ranging from amplitudes across
time that constitute a “response’ to the collection of indexes of
[eSpOonses across many trials, conditions, and subjects. We are
concerned here with the problem of deriving a useful and inter-
pretable summary of waveforms that are nonnegative and
bounded. More speciiicaily, let f(x) denote a waveform defined
on x. We are interested in wavetorms that have the following
tWo general characteristics: (a) f(x) and x are bounded, and (b)
J{x) 2.0, For responses-generated by a living organism, tirne is
necessarily bounded. Moreover, in laboratory practice, re-
Spoases generated by living organisms are inevitably bounded
in amplitude as well as time. Although physiological responses
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characterized by nonnegative amplitudes across time arean im-
portant class of bioelectric events. it should be noted that ai]
psychophysiological responses are nonnegative and bounded in
the amplitude and frequency domains. Hence, the analysis of
waveforms having the two characteristics above should be of
some general interest. We refer to wavetorms that are nonnega-
tive and bounded as N8B waveforrns.

Overview

In the present article, we extend earlier work on the theoreti-
cal and empirical utility of indicants based on the moments of
an NB waveform.' The initial set of indicants we used—stan-
dard measures of mean, variance, skewness. and kurtosis in the
time and amplitude domains—has proven capable of distn-
guishing between unique NB waveforms (Cacioppo. Marshail-

.Goodell. & Dorfman, -1983) and integrated electromyogidphic

(IEMG) responses resulting from various isometric (Cacioppo
et al,, 1983: Cacioppo, Petty, & Marshall-Goodell, 1984) and
mild isotonic (Grabiner, Andonian, Regnjer, & Harding. 1984)
muscle contraction tasks, Moreover. recent research in which
IEMG actvity has been recorded over superficial muscle re-
gions in the human face and forearm has demonstrated its em-
pirical and theoreticai utility in studies of information process-
ing (Cacioppo, Petty, & Morris, 1985) and of affective imagery
(Cacioppo et al., 1984),

These indicants have also been used in research on the elec-
troencephalogram (EEG) to characterize the shape of the power

' The mathematical term moment has its origin in physics (mecian-
ics), in which the first moment of force is defined as a measure of force
with respect to the tendency of the force 1o produce rotation (Peatman,
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f(X,)

Figure |. Top: Stacks of bricks of mass f(x,) applied simultaneously at positions x, along a beam, which is
supported by a fuicrum at a,. Bottom: Two stacks of bricks of equai mass and positdoned equidistant from
but on opposite sides of a,.

spectral density (PSD), that is. the EEG expressed in the fre-
quency domain. Hjorth (1970, 1973, 1975) has characterized
the EEG in terms of three parameters: activity, mobility, and
complexity. Activity refers to the area of the two-sided PSD: mo-
bility refers to the standard deviation of the two-sided PSD nor-
malized to an area of one; and complexity refers to its kurtosis.
The two-sided PSD is always symmetrical about zero, and

therefore, the mean and skewness are necessarily zero and are
not computzd. In fact, symmetry implies a value of zero for all
the odd moments. Saltzberg, Burton, Barlow. and Burch (1985)
characterized the physically meaningful one-sided PSD (nor-
malized to an area of one) by its mean, variance, skewness, and
kurtosis. They estimated these shape descriptors with a robust
computer-cfficient procedure that uses the autocorrelation



WAVEFORM MOMENT ANALYSIS OF NB WAVEFORMS 423

function. Their innovative method can also be used 1o estimate
€ven moments of the two-sided PSD.

In the amplitude domain. Bronzino. Kelly, Cordova. Oley,
and Morgane (198 1) proposed the use of the variance. skewness,
and kurtosis as shape descriptors of the distribution of EEG
amplitudes. They did not consider the mean. arguing that
changes in the mean are of technical origin (e.g., amplifier
drift). They showed that these indicants are capable of quantify-
ing alterations in the electrical processes brought about by
pharmacological manipulations,

The major goals of the present articie are (a) to describe pos-
sible applications of such moment-based indicants as mean,
variance, skewness, and kurtosis for describing NB waveforms
in the time domain, amplitude domain, and frequency domain
and (b) 10 present a general framework for a moment-based
. - analysis that vieids a set of multidimensional indicants subsum-
ing the above-mentioned classical descriptors. A general frame-
work for moment-based indicants may offer investigators more
flexibility and more options in gaining information from mo-
ment-based probes of NB waveforms, In the case of NB wave-
forms, all moments exist, and the moments fully characterize
the waveform (see Rao, 1965). To facilitate insight. we begin by
* discussing rudimentary features of the present analysis, using a
simple exampie from physics of force applied simuitaneously
at various distances along a lever (see Figure 1), We then turn
10 summarizing responses that constitute NB waveforms in the
(a) time domain, such as [EMG responses: (b) amplitude do-
main. such as [EMG responses. electroencephalographic
(EEG) activity, and event-related potentials: and (c) frequency
dornain, such as the power spectrum of the EEG and of the
electromyogram (EMG).

Force and Distance: A Tuiorial

For purposes of lustration, view the data depicted in Figure
I as bricks stacked atop a beam with a fulerum placed at an
arbitrary position. «,. The distribution of bricks atop the beam
can be viewed as an example of an NB waveform. By assuming
that gravity is constant, we find that the force exerted at each
position, .x,, along the beam equals the mass, f{(x,), times a con-

. stant. Hence. the top panel of Figure | cam-be-viewed as depict-
ing points of force (x,, f(x;)), where x, signifies some position
along the beam and f{(x,) is proportonal to the force exerted at
location x, along the beam.

The moments of this distribution of bricks provide the basis
for differentiating this from alternauve distributions of bricks
that might be placed atop the beam as well as for identifving the
manner in which this and an alternadve distribution of bricks
differ. To begin, notice that the teadency for any given stack of
bricks to produce rotaton of the beam is given by the expres-
sion |x; - a.}f(x,), indicating that the tendency for any given
stack of bricks to induce rotation about the fulcrum is propor-
tional to (a) the distance from the fulcrum at which the stack of
bricks is positioned (i.e., x, - a,|) and (b) the mass of the stack
of bricks (i.e., f(x,)). If ¥ stacks of bricks are simultaneously
placed atop the beam at positions X, Xz, . . . , Xy, then the
total tendency of this particular distribution of bricks to induce
rotation is given by

Z lxl - ax’f(xl) - Z i-r: - a,lf(x, ),

I>ay, fi<ag

which equals
h's

Z (xl -

the first moment about the arbitrary position. a.; of the fuj-
crum. It is worth noting that if

ax)_f(xr) = #’l'_x’ (1)

2 (x, — a.t)f(xx)

i=|

is negative, then there will be a counterclockwise rotation about

the fulcrum: if the quantity is positive. then there will be 2 clock-

wise rotation about the fulcrum. If
N

Z (xi' - ax)f(xt) = O‘

im

then the distribution of bricks is at equilibrium. In that case,

A v
Z xif(x,‘) =, Z f(xl)_» —

[L.3] i

Thus. the point at which the fulcrum will balance the beam is

Z xf(x)

(=

v

2 flx)
=
which is the abscissa of the center of gravity of the distribution
of bricks. Note that the abscissa of the center of gravity is equiv-
alent to the first moment about the origin of the distribution of
bricks converted to a unit mass,

In the general case. the kth moment of this distribution of
bricks about a, is

ay =

y ,
Biex = 20 (% = e )¥f(x). (2)

i=]

Let us convert the distribution of mass 10 a ureit mass by di-

- viding the mass. f(x,), of each stack of bricksBY 'Y f(x,). Equar-~

(L]]
ing the waveforms with respect to the total amplitude by ex-
pressing csxch amplitude, f(x,), asa proportion of the total am-

plitude, 3 f(x,), provides a size-independent measure of the

AJ
shape of the waveform (i.e., total mass, defined as 3 f(x,)) and
=t
facilitates comparison of the shapes of NB waveforms. or in
terms of our example, the shapes of distributions of bricks atop
a beam. Before we elaborate on this latter point, note that this
transformation converts the distribution 10 2 probability distri-
bution, where the probability of the event (x;)is

P({x )= L5
2 flx)

i=]

Technically speaking, we have converted the weight distribution
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depicted in Figure | to a probability density function. (See
Hoel. Port. & Stone, 1971. for a discussion of discrete and con-
tinuous probability density functions.)

Now that we have converted the mass distribution to a proba-
bility distribution., we see that the abscissa of the center of
gravity N

2 th (xi)

’-,l = Uy
2 f(x)
i=]

is an arithmetic mean. Also, if we let k = 2, we see that

N
2 (xi — I‘x)zf(xi)

(L] - = 63'
2 fix)
=

is the variance of the.x;s.-Moreover, fork = 3and =, = a5 e

N

s (&f‘i')}f(x.»)

]

=7

N
Zf(xi)
=]
1s a standard measure of skewness, v;, (see Kendall & Stuart,
1963). Fork = 4 and a;, = u,,

N Xi—nu 4
> (4;—’) fx)
e =y2+ 3 =8,

Z f (x;)

1=}
a standard measure of kurtosis (see Kendall & Stuart, 1963).
For a normal distribution, 8, = 3. Historically, kurtosis has
been defined as peakedness (see Chissom. 1970: Dariington,
1970: Hildebrand. 1971: Moors, 1986, for a lively discussion of
the meaning of kurtosis), but as should soon become clear. the
" standard rieasure of kurtosis is ip fact a measure of dispersion.

Characterization of a Distribution by Its Moments

In the case of NB waveforms, it is not difficuit to show that
all the moments exist and. furthermore, that the NB waveform
can be uniquely characterized by its moments and its total
mass. Somé investigators characterize a waveform by its Fourier
transform. In the case of NB waveforms, it can be shown that
the moments and the total mass of the NB waveform uniquely
and fully characterize the Fourier transform (Feller, 1966; Rao,
1965). Moreover, if the moments of two equal-mass NB wave-
forms are similar. the waveforms are similar (Feller, 1966; Rao,
1965: cf. Kendall & Stuart, 1963).

Furthermore. the sequence of moments about a, obtained
when kiseven (k= 2,4, 6,. . .y can be used to gauge the disper-
sion of the distribution of bncks about a,, and the sequence of
moments about a, obtained when kisodd (k= 1,3,5.7, .. )
can be used 10 gauge the asymmetry of the distribution of bricks

_about a,. In the following sections, we work with Figure | and
Equation 2 to illustrate that (a) the odd moments are zero if and
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only if the NB waveform is symmetric about a, and (b) the even
moments vield 2 sequence of indicants of dispersion of the NB
waveform about a,.

Asymmerry: Notice that if we place two stacks of bricks of
the same height at equal distances from but on opposite sides of
a,, we obtain a perfect balance. that is. no net rotation about
ay (see Figure 1. bottom panel). We obtain a balance because
the first odd moment about a, is zero since

Ix2 = ax| f(x2) = Ixs = a,| f(xs).

In fact, all the odd moments are zero in the case illustrated in
the bottom panel of Figure 1. If we inspect Equation 2, the
equation for the moments, we see that the co-stacks equidistant
from but on opposite sides of a, have equal and opposite effects
on all the odd moments, so that the net effect is that all the odd
moments about a, are zero in this case. For instance. let [(x;,
S(x.); x®, f(x*)] be a pair of stacks of the same height equidis-
tant from a, where x; < a, < x*. Clearly,

sotha;

T = = e - e,

az) = (x¥ = a,)

because | y| = ~ywhen y < 0. Therefore,
(-l)k(xi- O'x)k =

Invzewofthefacnhat( 1)* = =1 for k odd.

_(x'_
(x* - ax)k-

“{x = ax)‘ = {x? - ax)

Thus, each member of a par of co-stacks has equal and opposite
effects. But from Equaton 2. we know that

NP2

z (Xl - ax)kf(xt) + Z (xl - ax)kf(r.)

=] t=]

NP2

= Z (xi = ay) f(-xl) e Z (x, = ax)lif(x,
-] j=-q

=0’

because —(x; - a,)* = (x* ~ a,)* and f(x,) = f(x*). Thus, if
we construct a symmetric distribution of bricks about ay, all
the odd moments about «, turn out to be zero. If one or more
.of the odd moments about a, are not zero. the distribution of
bricks is asymmetric about a,. In short. the odd moments
about ay provide a muludxmcnsnonal gauge of asvmipetry
abouta,.

Note that this multidimensional gauge provides information
about the direction as well as the extent of asymmerry about
a,. If

=2 i~ a)f(x) < T (x - a)¥(x,),

X<ay X>ay
then the kth odd moment is positive, so that we have a kth-
power positive asymmetry. If

=Z (xi=a)¥(x)> T (x; = ay)¥(x)),

Xi<ay Xi>ay

then the kth odd moment is negative, so that we have a kth-
power negative asymmetry.
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The order of the moment is also significant. Traditionaily,
only indexes of asymmetry for k£ = 3 have been considered when
a. is the arithmetic mean—a tradition that hoids for previous
analyses of the asymmerry of psychophysiological wavetorms as
weil (e.2.. Bronzino etal.. [98] :Cacioppoetal.. 1983: Saltzberg
et al.. 1985). But with the ready availability of the high-speed
digital computer. one might profitably compute higher order
indicants of asymmetry, thereby providing a more complete
summary of the asymmetries in an NB waveform. We return
to a fuller discussion of the interpretation of these higher order
indicants in a subsequent section, but we first address the basis
for using the even moments to index the dispersion of NB wave-
forms.

Dispersion. Because (x, — a,)*> 0 for x, # a, and k even,

B (xr — ax)lff(xl) >0

* when dealing with NB waveforms. Hence, for k even,

N

2 (xi = a)*(x) > 0.

(=
This means that the even moments are always positive except,
of course. for the case in which f(x,) > 0 for X =a;and f(x;) =
0 for all x, wot equal t0 a,. In this case,

N
Z (x, = ax)ff(—"v) =0.
Lt
Moreover. inspection of Equation 2 reveais that the even mo-
ments are seasitive to the absolute deviations of the locations,
X;, of the stacks of bricks from a,. For instance. in the case of
€ven moments, in conirast 1o the odd morments, identical stacks
of bricks placed equidistant from but on opposite sides of a,
(see Figure 1) do not cance! the effects of each. For even mo-
ments. the sfects ‘
(-ri - a.r)lff(xl)

sum. The greater the distance of the stacks from a,, the greater
the impact on the sum

vy
2 (x - le)kf(xi)-

1=}
Thus. the dispersion of the stacks of bricks about the reference
point a;ean b€ gauged by using the even moments, and these
moments provide a mathematically rigorous manner of com-
paring the dispersion of various stacks of bricks when each
stack is expressed in unit mass,

Weighted Euclidean Distances: The Interpretation
of Moments
For fully understanding the moments, it is useful to think of
(xi - ax)lff(xl)
as a weighted Euclidean distance. If k is even, then
(x; - ﬂ.z)k =|x; ~ lek

because (x, - a,)% is nonnegative. Notice that |x; - o[ is the
standard Euclidean distance between X, and a, on the beam,
Recall that if x, and Xz are two points on a line, such as 3 beam,

the Euclidean distance between those two points is the number
[x: = x3). It is also the case that for k even,

(x, - a.r)kf.(x() = ’Xl - a.r, lxl - axék-{/‘(.tt).

Therefore, for k even. we can usefully consider (x, - a)*f(x,)
as the Euclidean distance berween X and a,, ix, = a,|, weighted
by the factor |x, — a,|*- 'f(x,). In short,

(xi — ax)v(xl)

is a weighted Euclidean distance when k is even.
Now consider the odd moments. For k odd,

Mex = T (K= a)¥()+ T (6 = a)¥f(x,)

X>ay Xi<ay
= Z ,xl - a,]kf(.\',) - Z !X, - axi'-kf(xr)

because I(x, - a,)| = —(x, - a) for (x; ~ a,) < 0 and (e —
@)l = (x, ~ a,) for (x, — a,) 2 0. Hence,

#;:;x = Z lxx - axl' ,xi - axllk-‘.f(xl)‘

Ky R

; Z .'X.‘ - ax, Lrl - ax]kﬂj‘(xx )-

Xi<ay

Thus. the odd moments can be viewed as the difference beween
WO sums of weighted Euclidean distances: one sum generated
from the set of x,5 to the right of &, on the beam (x,> a,) and
the second sum generated from the set of x,s 10 the left of a, on
the beam (x, < a,). To appreciate the role of the weight

lxc - axlk- 'f‘(-'rl)r

let k increase. When & = l, the weight assigned to X — a.lis

'-xi - axl?f(xn) =f(x1 ).
When k > |, the weight

,xi - ax, k= l.f(xf )

(a) goes to zero as k g0es to infinity for ix, - a,| < 1, (b) equals
/() for all k when |x; - ax| = 1. and (c) goes 10 infinity when %
80¢s to infinity for |x, - a, | > 1. Figure 2isa picterialrepreseri-
tation of these effects under the simplifving assumption that

This weighting function has the effect of providing a corre-
lated but unique probe of asymmetry for each odd & and a cor-
related but unique probe of dispersion for each even k. These
probes are interesting in that each probe-—that is, each mo-
ment-based indicant—uses al] the data, but as & increases, large
deviations play an increasingly large role. Finally, it should be
reemphasized that two distributions, such as two distributions
of bricks atop a beam, are identical if and only if all the mo-
ments of asymmetry and dispersion are equal and they have the
same total mass (Feller, 1966; Rao, 1965).

Multidimensional Indicants

To summarize thus far, the first 7 odd moments provide the
basis for an n-dimensional indicant of asymmetury of the distri-
bution of v, about a,~—that is, a vector-valued measure of the
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1X, — a, " "' e(x)

Distance from

.Reference Point:

X, ~ ay]

Figure 2. The weighting of the distance of the abscissa value x, from the
reference pont a, as a funcuon of &, the order of the moment. and the
distance ix, - a,| under the simplifying assumption that f{x,)=1.

asymmerry of the NB waveform—whereas the first 7 even mo-
ments provide the basis for an #n-dimensional indicant of disper-

_ s10n of the distribution of x, about a,—that is. a vector-valued

measure of dispersion of the NB waveform.

If. as in many instances in psychological research, one seeks
to derive indicants with which to describe or compare the shape
of NB waveforms. two transformatioas of Equation 2 are use-
ful. The first. which we have aiready discussed. is to equate the
waveforms with respect to the total amplitude by expressing
each amplitude, f{x,), as a proportion of the total amplitude,

N
2 f(x).
im]

The second is to take the 1/kth power of the kth moment,
so that all the moments are expressed in the original units of
measurement, such as centimeters, microvolts. microsiemans,
or milliseconds. Note that taking the 1/kth power of the kth
moment converts the even moments 10 true distance functions.
Consider Equation 2 for k even. Clearly,

N
(i)™ = [ (%, = ats)¥f ()]

1=

N
(F;z)l/k = [z ’xi - a,i"f(x, )]l/k’

i=]
which is 2 Minkowski k-metric distance function (see Coombs.
Dawes, & Tversky. 1970, pp. 60-62). and S(x;) weights |x, -
a.]*. In mathematics. such distance functions are related to L,
norms. Thus. the transformed even moments, (uj..)"*. are true
distance or dispersion measures in a mathematical sense. More-
over, if we substitute

f (X,‘)

N

2 f(x)

imt
for f(x;) ix; the above argument, we see that the

1/k
“;c;r ,

N = Yix
ZSx)
iml

are also Minkowski distance functions and. therefore. disper-

-sion measures as well. Finally. it should be noted that taking

moments to the 1/kth power preserves all the information be-
cause the transformation is one to one.

In sum, we can define the moment-based probes of the topog-
raphy of such a distribution as the bricks atop the beam in Fig-
ure | as
17k

N
Z (x, = ax)lff(xi)

Yie= | S k=1,2,.... (3
2 flx)
=
-The Reference Point

The fact that asymmetry and dispersion are always stated in
terms of a reference point may not be obvious 10 some readers.
nor may it be obvious that although we have treated a, as an
arbitrary reference point, the specification of the reference
point is not arbitrary for the researcher because the reference
point iy fundastientil to the interpretaton of the indicanis. This
section is included. therefore, 1o illustrate the significance of
reference points for the psychological investigator. Readers who
are familiar with the moments and reference points may wish
to proceed to the next section.

First Moment

In physics, the abscissa of the center of gravity is the point
along a beam at which a fulcrum should be placed if the set of
forces acting simultaneously on the beam is to produce no net
rotation; that is, the first moment will be zero when the fulcrum
is placed at the abscissa of the center of gravity. We can easily
identify this point by solving for the reference point in Equation
Jgven thatk = | and v'.. = 0. It is easy to see from inspecting
Equation 3 that this is equivalent to solving for v'., given that
k = | and a, = 0, that is, the first moment about zero.
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Waveform-dependent reference points. Suppose we adopt the
first moment as our reference point when calculating the multi-
dimensional indicants of asymmetry and of dispersion. Substi-
tuting this waveform-dependent reference point for a, in Equa-
tion 3, we obtain
17k

VY
Z (X = u)*f(x)
Yex = | = . (4)

3 fix)

i}

Because
N

E(X— “x)k = z (xi — “x)k‘p({xi})

i=|

is the kth central moment of the distribution of bricks atop the
beam and because

N
E'VMX = u)* = [T (x; = ue)*P({x })]"*

N
T (x -“e{);"f (x:)

i=|

1/k

Y

2 flx)

i-|
we see that the moment-based indicants defined by Equation 4
are simple one-to-one transformations of the central moments
as defined in probability theory. The higher central moments.
therefore. provide probes of the shape of the waveform with
reference to the center of gravity.

Waveform-independent reference points. Now suppose we
are interestzd in the shape of a waveform with reference to a
fixed poict commen t3 all subjects aud conditions. If we use the
same reference point along the beam (call it x*) for all wave-
forms of interest, then the weights associated with a specific x,
wiil be equal in the computation of 2 moment-based indicant if
the amplitudes at x, are equal. Thus. if we have two waveforms,
Siand 3, fi(x,) = fi(x,), then

b = x* Ui (x) = Ix = x o 'fy(x,).

If, on the other hand. we were to use the center of gravity, then
the weights associatéd with a specific X, would be unequal if the
centers of gravity are unequal. Let u, and u2 represent the cen-
ters of gravity for f; and f3, respectively, such that £i(x;) = f5(x;) >
0. oy * 2. Clm-dY»

b = w1l U00) # 1x = pal ().

Thus, the weight associated with |x; — y,] differs from the weight
associated with |x; ~ 4y, even though the amplitudes at x, are
equal for the two waveforms. Therefore, if one wants to use indi-
cants not only to distinguish among NB waveforms but also to
contrast the underlying events as they unfold over a given (e.g.,
distance or time) domain, one may wish to select a reference
point that is identical across conditions, that is, a waveform-
independent reference point.

If, for instance, we have a beam of a fixed length, then the
midpoint of the beam could serve as a fixed reference point.
Beyond serving as a fixed reference point, the midpoint has a
useful property. If there is an even number of observations X;

(#=1.2,. .. N)and there are N/2 pairs of stacks (X1, %,2)
such that

X1 < midpoint < x,,
and

Ix,; — midpoint| = |x,, — midpoint|
and if the stacks of a jth pair have identical amplitudes. then
Ix“ - mxdpomtl "“f(x,.) = ,ij - lmdpomtf k_'f(sz).

In other words. the weights associated with X;1 and x,; will be
equal,

In the rare case in which the NB waveform is symmetrical
about the midpoint. the weights associated with X;1 and x,; will
always be equal. The reason is that symmetry about the mid-
point means that f(x,,) = S(x;2). If. on the other hand, the NB
waveform is not symmetrical about the midpoint. then the
weights associated with X1 and x;; will be unequal if flx,) =
J(x;2). Thus, the higher order moment-based indicants in which
the midpoint serves as the reference point weight distances with
high amplitudes more than distances with low amplitudes even
when the cbservations are equidistant from the midp6int, ™"

Beginning and end of the beam. The preceding observations
regarding the weighting of the x;s apply generally, as illustrated
in Figure 2. It should be noted. however, that when the begin-
ning of the beam is the reference point (i.e., a, = 0), the odd
moment-based indicants reduce to Minkowski k-metric dis-
tance functions (Coombs et al., 1970), so that all the moment-
based indicants are measures of dispersion from the origin.
Moreover. when the endpoint of the beam is the reference point,
multiplication of the odd moments by —1 converts tiie odd mo-
ment-based indicants to Minkowski k-metric distance func-
tions. 50 that the negatives of the odd moment-based indicants
are measures of dispersion from the endpoint of the beam.

The most obvious choice for gauging the asymmetry of a dis-
tribution of bricks atop a beam is to choose a reference point
within rather than at the extremes of the distribution. Two rea-
sonable options are to (a) specify the first moment about the
origin as the reference point to assess asymmetry about the cen-
ter of gravity of the waveform and (b) designate the midpoint of
the beam as the reference point to assess asymmetry within the
distribution of bricks atop a given length beam. (Whén"déilifg
with beams of differing lengths, these options remain the same,
but distances can be expressed in standard measure prior to
calculating the higher order moments for k > 2)

To illustrate the fundamental difference between these two
options, consider the waveforms depicted in Figure 3. The beam
in each case is 7 units long, and the waveforms differ only in
terms of where along the beam forces greater than zero were
observed. It is clear from inspecting this figure and Equation 3
that if the reference point for each waveform is specified as the
first moment about zero, then the asymmetry in these wave-
forms would be viewed as being equal and zero. If, however, the
reference point is specified as being the midpoint of the beam,
then the asymmetry in these waveforms would be different from
zero, equal in absolute value, and opposite in sign.

In sum. any given reference point highlights particular fea-
tures of a waveform. Therefore, choice of a reference point
should be accompanied by a theoretical rationale for that
choice. It is conceivable that there may be no literature or theory
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of amplitudes (bricks) stacked on the lower end of the beam, whereas themponseontberightisasymmeu'i-
alwit.haprepondmnceofamplitudasucerjattheupperendofmebam.Thus.itcznbeseenthat

although the use of either reference point produces an accurate, informarive. and easily interpretabie de-

[

scription of the responses. the ability of the investigator. to specify what reference point to use offers greater.
"7 77 flexibility and potential for describing or comparing responses in terms that are theorevcaily significant.

to qude the selection of a reference point in the early stages of
research on a phenomenon. In these cases, one might conduct
analyses in which the empirical utility of each of several refer-
ence points is examined.

The Time Domain

If the stacks of bricks are viewed as placed not at various
* posiuons across the beam but rather at a given position on the
beam at various intervals in time. then an NB waveform can be
definsd by measuring the existing force at that position across
ume. This particular case in mechanics is analogous to a general
case in psychological research in which a sequence of nonnega-
tive amplitudes observed across time constitutes a response. Let
{, denote the time of the ith observation at some site, where ¢;
rang=s from ¢, £y, - - -, {y, and let f(t;) denote the measure of
the amplitude at time ¢; (/(2,) = 0). For purposes of illustration,
each-waveform depicted-imrFigure 4 is constructed to represent
the amplitudes of a sequence of observations at some recording
site across time. The amplitudes depicted in Figure 4 can repre-
sent a variety of measures in psychology, such as analog/digital
conversions of physiological activity measured across several
seconds.

If we simply extend the reasoning undexlying the derivation
of the indicants defined by Equation 4 t0 the time domain, we
find that moment-based indicants of the form of the distribu.-

tion of recorded amplitudes across time equated for the overall

size of the response can be defined by
N 17k
2 ti=a)*()
Yies = | Hhp——— , (5)
2 fl)

iw]

where a, now represents a reference point in ime, _

Hllustrative Study

To illustrate the application of this topographical procedure.
we selected for analysis four of the seven tasks used by Cacicppo
et al (1983). We recovered data from 6 subjects from the origi- -
nal study and added data from another 6 to this data set prior
t0 analysis. The study invoived subjects’ squeezing a hand dyna-
mometer in a prescribed fashion for 8-s epochs. The tasks se.
lected for illustration here required that subjects (a) achieve and
maintain a tension of 3 kg, (b) achieve and maintain 2 tension
of 9 kg, (c) achieve a tension of 2 kgin | s and then increase the
tension of the grip by | kg every second for the next 7 s. and (d)
achieve a tension of 9 kg in 1 s and then decrease the tension by
! kg every second for the next 7 s. Subjects practiced each task
once and then performed each task six additional times: IEMG
activity, sampled once approximately every 400 msec. was re-

_ corded over the superficial forearm flexors muscle region-of the

Following analog-to-digital (A/D) data acquisition for each
subject, the poiygraph records of the raw EMG signais were in-
spected in order 10 allow the removal of arufacts. Next, the ar-
ray of A/D observations from a subject that defined an [EMG
response on a given trialwasconvenedtoanamyofampﬁ-
tudes expressed in microvoits, and the zero signal, expressed in
microvolts, was subtracted from each entry in each array (Frid-
lund & Cacioppo, 1986). Indicants based on seven temporal
moments and the first amplitude moment were caiculated to
summarize each [EMG response. Specifically, (a) the indicant
based on the first moment about zero in the time domain was
used to describe central tendency in the time domain; {b) a vec-
tor of indicants based on the second. fourth, and sixth moments
about the mean in the time domain was calculated as a shape
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descriptor regarding dispersion about the mean: (c) a vector of
indicants based on the third. fifth. and seventh moments about
the mean in the time domain was calculated to describe asym-
metry about the mean: and (d) the indicant based on the first
moment about zero in the amplitude domain (i.e.. mean ampli-
tude) was used to gauge the size of the response (an effective
procedure because the number of observations was constant
across responses). .

To simplify the illustration., we averaged these indicants
across the six repetitions of the tasks to increase the reliability
and submitted themtoa 2 x 7 (Replication X Task) multivari-
ate analysis of variance (MANOVA) using Wilks’s criterion. Re-
suits of the MANOVA indicated that these indicants discrimi-
nated among the task-related responses: The main effect for
task was significant, F(12. 45) = 10.82. p < .001. Neither any
main effect for replication nor any Task x Replication interac-
tion approached significance, suggesting that the shapes of the
distinctive task-induced IEMG responses were replicable.

We followed these analyses with Replication x Task univari-
ate analyses of variance (ANOVaAs) to probe further what fea-
tures of the task-related IEMG responses differed. Significant

main effects for task were obtained for mean time, £(3,20) =

37.34, p <001 dispersion time, F(3, 20) = 6. 3,p<.0l:asym-
metry time. F(3. 20) = 25.68. P < .001: and mean amplitude,
F(3.20) = 17.49, p < .001. Again. neither a main efect for
replication nor any Task x Replication interaction was signifi-
cant in these ANOVAS, suggesting that specific features of the
shape of the task-induced responses were also replicable.

The cell means and pairwise comparisons are summarized in
Table 1. Inspection of the averaged task-related [EMG re-
sponses. which are summarized in Figure 5. confirms that the
tasks were characterized by distinctive NB waveforms. More
important. results of the MANOVA, ANOVas. and pairwise com-
parisous illustrate that specific and replicable features of these
responses that varied across tasks couid be identified by using
moment-based indicants. Thus, it can be seen that the moment-
based indicants are not difficult to calculate or interpret and
can provide a means of examining systemaucally whether and
in what manner NB waveforms differ.

How Many Moments?

“The aumber of momenis necessary for characterizing the
shape of an NB waveform increases as the complexity of the
family of waveforms under consideration increases. For in-
stance, if all members of a‘family are exponential distributions,
then the first moment uniquely characterizes each member: if
all members of a family are normal distributions. then the first
tWo moments uniquely characterize each member: if all mem-
bers of a family satisfy the Pearson system. then the first four
moments suffice. (The Pearson system is a broad family of uni-
modal distributions: see Johnson & Kotz, 1970). If we have a
family of discrete waveforms consisting of ¥V points. then ¥V —
! moments fully characterize the normalized waveform: more-
over, N — | moments and the total mass fully characterize the
waveform (Norton & Arnold, 1985). If, on the other hand. the
NB waveform is continuous. then all the moments are needed
to fully characterize the waveform. The lower order moments
provide the most information. with increments in information
decreasing as each higher order moment is added. For instance,
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Table |
Mean Amplitude and Means of Time Indicans
as a Function of Task

Task
Measure l 2 3 4
Mean amplitude 126.32, 257.98, 202.12, 130.95,
Mean time 4.46y 4,62, 5.08, 3.79,
Dispersion tme 247, 237, 2.35, 2.42,
Asymmey tme =0.60, =0.70, -2.02, 1.55.

Note. Means in a row with different subscripts differ significantly at p <
.05 by the Duncan multple-range test.

seven moments may prove capable of differentiating short. dis-
unctive samples of IEMG responses even when the NB wave-
forms are multimodal. It might be added, however, that in con-
ducting the analyses above, the moment-based indicants were
extracted on a trial-by-trial basis; these descriptive parameters
were averaged across trials within conditions in order to gain
more reliable estimates of the treatment effects; and an internal
-replication of the study was conducted for determnining the reli-
ability and generalizability of the observations.

[n the case of complex muitimodal NB waveforms, the num-
ber of moments needed for an adequate characterization may
be large. If one expresses the Fourier transform of the NB wave.
form in terms of the moments to be used and inverts the trans-
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form. it is possible to evaluate the fidelity of the characteriza-
uon (e.g.. see Feller. 1966). To summarize, the investigator
should be very cautious about using moment-based indicants
to characterize complex multimodal NB waveforms in the ab-
sence of good evidence to support their usa in such situations.

The Amplitude Domain

For any NB waveform in the time domain. there are pdistinct
amplitudes among the ¥ amplitudes. Let us denote the Jth dis-
tinct amplitude by /; (j = 1. 2.. . ., P) and the frequency of
occurrence of f; by g( ;). Note that only in the extreme case in
which there are N distinct /(f;) amplitudes in the distribution
of dmies will p = ¥ and. necessarily, g(£) = 1. In all other cases
(i.e., when there are fewer than N distinct Jf(t;) amplitudes). 0 <
F < N.In esch case. an NB waveform in the time domain gives
rise to one and only one frequency distribution of p disunct
amplitudes.

An NB waveform in the amplitude domain gives rise 10 a
unique distribution of times, however, only in the degenerative
case in which p = 1. and therefore, g(f) = N for one f,. In all
other cases, an amplitude distribution does not gve rise to

unique NB waveform in the time domain because the ampli-

tude distribution contains no information regarding the point
in tme (i.e., ;) a given amplitude was observed. [t is easy 10 see
that by substituting equivalent terms, Equation 3 reduces to the
following expression for the moment-based indicants in the am-
plitude domain:
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Figure 5. Averaged integrated electromyographic (IEMG) recordings obtained during tasks: (a) constant
tension of 3 kg (upper left panel), (b) constant teasion of 9 kg {upper right panel), (c) tension increasing
from 2 10 9 kg (lower left panel), and (d) tension decreasing from 9 1o 2 kg (lower right panel).
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Interpretation of these shape descriptors is also a simple exten-
ston of our discussion above,

lllustrative Study

For purposes of illustration, the hypothetical resporses w
shown in Figure 4 are expressed as distributions of amplitudes e Rl
in Figure 6. Note that in Responses A and B. p = | and g(f) = £6 3unog Asusnbey
.V for one j, whereas in Responses C, D, and E. P=2<XN.
Accordingly, it can be seen in this-illustration that each NB
waveform in the time domain gives rise to one and only one
amplitude distribution, whereas an NB waveform in the ampii-
tude domair gives rise to a unique distribution of times only
when the response is uniform across time (e.g..p=1). Thatis.
unlike the indicants based on the moments of timie, the indj-
cants based on the moments of amplitude are insensitive to the
manner in which the amplitudes are distributed over time. For
instance, these indicants do not distinguish between high am- Q
plitudes constituting a response that are clustered- together in - T e N e e T
ume from equaily high amplitudes that are distributed across f118 3unog Asuenbeiy
the recording interval in what appears as shorter bursts of activ- '
ity (e.g.. see Responses C-E in Figures 4 and 6). These observa-
tions underscore the fact that the indicants based on moments
in the time and amplitude domains can provide complementing
characterizations of NB waveforms.
To illustrate simply how one might probe NB waveforms by
using indicants based on the higher order amplivucde moments,
we calculated six additional indicants based on amplitude mo-
ments to characterize each IEMG response obiained in the em-
pirical study described abave, Specifically, (a) indicants baseq Q
on the second. fourth, and sixth moments about mean ampii- - S}
tude were calculated to gauge dispersion. and (b) indicants {8 lunag A3uenbasy
based on the third. fifth. and seventh moments about mean am-
plitude were calculated to gauge asymmetry. Results of 2 x 7
(Replication X Task) ANOVaAs revealed significant task main
etfects for dispersion amplitude, A3, 20) = 13.31, P <.001, and
asymmetry amplitude. A3, 20) = 11.43, P < .001. Cell means
and pairwise comparisons are summarized in Table 2. [t can be
seen that the amplitude moments can bequite informative. For -~ - - -
instance, although mean amplitudes for Tasks | and 4 were ap-
proximately equal (see Tabie 1), the more homogeneous set of
amplitudes obtained in Task | became evident in the measure Q
of dispersion amplitude (see Tabie J). Y -
Summarizing thus far, the amplitude moments may be of in- (18 N0y Asuenbe.y
terest in the study of psychological responses for three major
reasons: (a) Mean amplitude. which is a common measure in
psychophysiological research for sumrmarizing responses of the
form depicted in Figure 4, is the first moment about the origin
of the distribution of amplitudes of an NB waveform (see Figure
6), and the first moment about the origin in the amplitude do-
main can be used in conjunction with the number of observa-
tions (.V) to gauge the size of the response (i.e.. the total mass
of the discrete NB waveform). (b) Multidimensional indicants
based on the higher order moments(i.e.. k> 1) in the amplitude <
domain can be used to gauge the asymmetry and dispersion of e o~ -0
the distribution of amplitudes. (c) Multidimensional indicants (18 3unog Asuenbaesy
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< Figure 6 The responses from Figure 4'expressed as distributions of amplitudes.
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Table 2
Means of Higher Order Amplitude Indicants
as a Function of Task

Task
Measure l 2 3 4
Dispersion amplitude 83.53, 146.76, 157.7, 108.08,
Asymmetry amplitude -45.38, -60.77, 103,58 84214,

Note. Means in a row with different subscripts differ sg=iscantly at p <
.05 by the Duncan muitiple-range test.

based on amplitude moments can be used to partally character-
1ze arbitrary bounded waveforms. We next turn o the impor-
tance of this point.

Amplitude Moments for Arbitrary Bounded % aveforms

A number of important measures of psychopinsiological ac-
tivity in the ime domain have amplitudes that ar= bounded in
all cases of practical interest but assume negative as well as non-
negauve values. We call such waveforms arburary bounded
waverorms. Because the amplitudes can assume nszative values,
it is clear that such waveforms are not NB waveforms. Specifi-
cally. such waveforms cannot be represented as density func-
uons ia the time domain. and therefore, a momeni-based analy-
sis is inappropriate. If. on the other hand, we consider the histo-
grams of amplitudes. then a moment-based analysis is
appropriate. and the procedures outlined in tas article are
struughtforward extensions of the classical distribwion descrip-
tors that have recently been used in EMG (e.g., Cazioppo et al.,
1983)and EEG research (e.g.. Bronzino et al., 1951). [a fact.ia
all cases of practical interest, the distribution of ampitudes is
an NB waveform and. therefore. amenabie to characterization
by the moment-based indicants,

The importance of amplitude measures in quaaufying such
psvchophysiological responses as the EMG. EEG. and event-
related potential has long been recognized. For lastance. mean
and peak amplitudes are perhaps the most widetv used mea-
sures of the EMG in psychophysiology (see Goidstein, 1972;
Lippold. 1967; McGuigan. 1978). Quantification of amplitudes
has also been important in the study of EEG. In fact. Hans Ber-

oot SRR,

" ger (192971976), who published the first report on the EEG in
humans. suggested that quantifications be performed on both
frequencies and amplitudes.

Moreover. in their authoritative text on EEG technology,
Cooper. Osselton. and Shaw (1980) noted, “One of the obvious
features of an EEG is the amplitude of the fluctuations” (p.
233). They went on to mention four principal measures of am-
plitude: (a) the average peak-to-peak amplitude, (b) the eave-
lope of the waveform, (c) the average absolute deviation of the
amplitudes from zero baseline. and (d) the square root of the
average squared deviation of the amplitudes from zero baseline
(the root-mean-square from zero baseline). If the mean ampli-
tude is zero, the fourth one above is the standard deviation of
the amplitudes. Thus, it is a moment-based indicant with k = 2
and the reference point at zero (see Equation 6). Cooper et al.
(1980) aiso mentioned the importance of considering the entire
distribution of amplitudes:

JOHN T. CACIOPPO AND DONALD D. DORFMAN

One way of gainiog an insight into the characteristics of the ampli-
tude fluctuations of EEG signais is to use a measure known as the
amplitude prodability density function. Thisisagraph showing the
probability of occurrence of a particular amplitude vaiue. it has an
amplitude scale for the x-axis and a probability scale for the y-axs.
(p. 236)

The amplitude distribution is often found to be normaily dis-
tributed (Cooper et al.. 1980: Saunders. 1963, 1972). This is
especially true when subjects are idle (Elul. 1967. 1969). During
performance of mental arithmetic, however. Elul (1967, 1969)
found, the amplitude distribution was less likely to fit a normal
distribution than when subjects were idle. Elul's (1969) ap-
proach invoived classifying the observed amplitude distribu-
tions as Gaussian (normal) or aon-Gaussian (nonnormal) on
the basis of chi-square tests of goodness of fit with mean and
standard deviation estimated from the data. ]

Elut (1967) presented an interesting theory to explain the
transformation of the ampiitude distribution from normal in
an idle state to nonnormal in a mentally active state. He sug-
gested that the gross EEG is the sum of the outputs of 2 large
number of mutually independent generators. Under broad con-
ditions, the cenwral limit theorem implies that the sum of the

outputs of those mutually independent generators “will_ be-

approximately normally distributed. If, however, the sub-

ject is mentally active, Elul (1967) suggested, the generators

become mutually interdependent. Therefore, the central limit
theorem no longer applies. so the sum of the outputs of the
component generators is transformed to a non~Gaussian distri-
bution.

A similar phenomenon can be demonstrated in the arez of
mental testing. Suppose that a total test score (Y) is the sum of
a large number of component test-item scores (Y;, i = |, 2,

., ¥), so that

N
Y= Z X,‘.

im|

Suppose further that all component test-item scores are corre-
lated with some common underlying factor and are mutually
independent if that correlation is zero. Lord (1952) showed that
one can systemaucally modify the shape of the distribuzion of
test scores by manipulating the correlation of the component
test-item scores with the common underiying factor. Figure 7

(reprinted from Lord’s, 1952, Figure 4, p. 38) shows.four fren... . .

quency distributions generated by manipulating that correia-
tion. It is apparent that as the correiation increases. the mo-
ment-based indicants of dispersion tend to increase.

Whereas Elul's (1967, 1969) theory of ampiitude distribu-
tions is very interesting, it should be clear from the example
dispiayed in Figure 7 that Elul's (1967, 1969) method of assess-
ing amplitude distributions has weaknesses. For one thing. his
dichotomous classification scheme does not distinguish among
Gaussian distributions. Gaussian distributions may differ in
both mean and standard deviation. For another—perhaps the
more important—his classification scheme throws all non-
Gaussian distributions together. Non-Gaussian distributions
may differ in a variety of ways, and Elul’s (1967, 1969) dichoto-
mous classification disregards that variety.

The moment-based indicants for characterizing an NB wave-
form in the amplitude domain, on the other hand. offer a sys-
tematic and comprehensive alternative for analyzing ampiitude
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distributions. If all amplitude distributions are Gaussian. then
the arithmetic mean (first moment about the origin) and the
standard deviaton (a moment-based indicant about the mean
with k = 2} fully characterize those distributions. If, however.
the distributions are not all Gaussian, then the probes need not
stop at k = 2 (as occurs when the root-mean-square or standard
deviation is used to characterize the amplitude distribution),
and the moment-based indicants provide a superior means of
characterizing the waveform through muitidimensional indi-
cants of asymmetry and dispersion about a reference point.
Bronzino et al.'s (1981) adoption of skewness and kurtosis to
quantify the EEG in the amplitude domain. therefore, repre-
sented a significant advance over Elul's (1967, 1969) method,
even though these classical descriptive parameters represent a
special and more limited case of the muitidimensional indicants

outlined here. Moreover. the moment-based indicants do not
require such simplifying assumptions as the Gaussian assump-
tion or that the mean is always zero. In addition. the indicants
outlined here provide greater flexibility by retaining compara-
ble units of measurement as k varies and by allowing the investi-
gator 1o select the reference point or points of greatest theoreti-
cal or empirical interest.

Summing up, quantification of amplitude distributions
through moment-based indicants is of demonstrated value
when dealing with waveforms whose amplitudes can take on
negative as well as nonnegative values and whose amplitude
distributions are not necessarily Gaussian. This approach
also offers the advantage of providing reduction of dawa and
readily permitting intra-individual or interindividual compar-
isons.
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The Frequency Domain

Thus far. we have focused on the characterization of wave-
formns in the time and amplitude domains. There are. however.
a variety of waveforms in psychophysiology that are usefully
represented in the frequency domain. for example, the EEG
{e.g.. see Coger, Dymond. & Serafetinides, 1979; Cooper et al.,
1980).

One begins with a collection of amplitudes observed sequen-
tially in time. To obtain a frequency representation of that coi-
lection of observauons. one performs a spectral analvsis: that
is. one computes the power spectrum or spectral density func-
tion of that collection of observations. The actual computation
is oftent done with an algorithm known as the fas¢ Fourier trans-
form (FFT), an efficient method for computing a discrete ap-
proximaton to the Fourier transform. If there are a few fre-
quencies at which the power is almost totally concentrated. then
we can characterize the power spectrum in terms of those few
frequencies. If, on the other hand, the power spectrum is
smeared over a broad spectral band in a rather smooth fashion,
then the power spectrum cannot be fully characterized by a few
frequencies. In that case, it may be useful to characterize the
power spectrum in terms of the moment-based- indicants de-
scribed eariier.

Assume that the power spectrum is band limited so that the

power spectrum is an NB waveform. In fact, most measuring
instruments are band limited in that they do not respond to0
frequencies above a certain maximum (Chatfield, 1980). The
power spectrum is sometimes called the power density specirum
(Cooper et al., 1980), the spectral density function (Chatfiald,
1980). or the power spectral densicy (Salzberg & Burch. 1971).
Those terms make good sense because the power spectrum is a
density function although not necessarily standardized to a unit

mass. [n fact, if we divide the power a1 eack frequency by the

total power, the power spectrum is thereby transformed to a
probability density function. Hence, the moment-based indi-
cants can be computed in the frequency domain without speciai
artention or restrictive assumptions (Cacioppo & Dorfman.
1984). In accord with the points made earlier with regard to the
ume and amplitude domains, the moments of frequency
uniquely and fully characterize the power spectrum. In short,
the topography of the power spectrum may provide valuable

information-beyond that of allowing for-easy ideatification of -

hidden periodicities concentrated in a few frequencies (e.g., see
Granger, 1966, for a discussion of a typical shape of a power
spectrum observed in economics).

It is also of some interest that EEG scientists have suggested
that indicants based on the moments may provide a useful sum-
mary of the power spectrum, or equivalently, the power spectral
deasity (Hjorth, 1970, 1973, 1975; Saltzberg & Burch, 1971;
Saizberg et al., 1985). As noted, Hjorth (1970) suggested that
the EEG be summarized by the parameters of activity, mobility,
and complexity. The first parameter, activity, is the total mass
of the two-sided power spectrum or, equivalently, the second
moment of the amplitudes taken from zero baseline. often
called mean power (Hjorth, 1970, 1975). The second parameter,
mobility. is the standard deviation of the two-sided power spec-
trum normalized to an area of one (Hjorth, 1975). Note that
the two-sided power spectrum is symmetrical about zero fre-
quency, with identical branches stretching into both negative

and positive frequencies with mean frequency equal to zero (Hj-
orth, 1970). Hence. Hjorth (1970) did not measure skewness or
asymmetry because ail odd moments are zero, and therefore.
skewness is always zero. The third parameter. complexity, can
be shown to equal the square root of a common measure of
kurtosis (8;) if we convert the two-sided power spectrum to a
mass of one. Specifically,

X - 2
Compiexity = (8y)' = [E (—6—“) :] ,

where i = 0 for the two-sided power spectrum. Also notice that
itis the square root of the fourth moment of the power spectrum
transformed to a probability density function with ‘a variance
of one. As discussed earlier. Hjorth's (1970. 1973. 1975) com-
plexity is, therefore. a measure of the dispersion of order four
of the unit-mass power spectrum.

Hjorth’s (1970, 1973. 1975) descriptors have been found to
be quite useful. For instance. Figure 8 illustrates their use in
distinguishing between different states of sieep. including deep
sieep and paradoxical sleep (rapid eve movement Hjorth,
1973). Hjorth’s (1970, 1973. 1975) three descriptors can aiso
be used to distinguich berween resting state with eyes open ver-
sus eyes closed and EEG reactions to performance on arithme-
tic or vocabulary tests (Chavance & Samson-Dollfus. 1978);
they can be used to assess the effects of hemodvalvsis on. for
example, visual discrimination, memory. and tapping speed
(Spehr et al., 1977): and they can be used to provide 2 topo-
graphical display of localized EEG abnormalities (Persson &
Hjorth, {983). Thus. Hjorth's (1970, 1973. 1975) approach
suggests that the moment-based representation of ths power
spectrum outlined in this article may be of value. Whereas the
weakness of Hjorth's (1970. 1973, 1975) three descriptors lies
in the fact that they do not fully characterize the power spec-
trum (e.g., see Denoth, 1975), the moment-based indicants do
more fully characterize the power spectrum. No simple relation
appears 10 exist between the moments of the power spectrum
and the moments of the amplitude density function. There is,
on the other hand. a straightforward relanon berween the mo-
ments of the power spectrum and the derivatives of the wave-
form in the time domain. Specifically, the second moment of
the nth-order derivative of the waveform in the time domain
equals the 2/1th even moinent of the twosided power specirum
(Denoth, 1975).

As another illustration of the utility of moment-based indi-
cants, let us look at a representation of the physically realistic
one-sided power spectrum by the moment-based indicants. In
particular, let us look at some one-sided power spectra reported
in an interesting study of the genetic determination of EEG
spectra by Lykken, Tellegen, and Thorkeison (1974). They ob-
tained power spectra from EEG samples through the FFT algo-
rithm. The power spectrum was converted to a magnitude spec-
trum by taking the positive square root of power. and then the
total mass of the spectrum was standardized to unity. Figure 9
contains some illustrative magnitude spectra taken from mono-
zygotic and dizygotic twins at rest. It is quite clear from a visual
inspection of Figure 9 that the monozygotic twins are much
more alike than the dizygotic twins in the magnitude spectra.
Thus, in fact, was Lykken et al.’s solidly based conclusion. But,
most important for our illustration, moment-based indicants
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Figure 8. Hjorth’s (1973) descriptors of activity, mobility, and complexity computed for every epoch of 5 5
during a fronto-parietal recording from a rat. The descriptors illusirate characteristic patterns correspond-
ing to distinct states of sleep and waking. (From “The Physical Significance of Time Domain Descriptors
in EEG Analysis” by B. Hjorth, 1973, Electroencephalograpny and Clinical Neurophysiology, 34. p. 322.
Copyright 1973 by B. Hjorth. Reprninted by permission.)

offer a rigorous means of comparing and contrasting these EEG
power spectra on center of gravity (mean frequency), disper-
sion. and asvmmetry. Note that because the bandwidth of a
power.spectrum is essentially a measure of the spread of the
spectrum. it is worth mentioning that the moment-based indi-
cants of dispersion provide a multidimensional measure of the
bandwidth of the spectrum.

The results of a moment-based quantification of the magni-
tude spectra are shown in Table 3. The magnitude spectra de-
picted in Figure 9 were expressed as eight separate distributions
of frequencies, and moment-based indicants were calculated for
each. No statistical tests were performed, because of the illus-
tratiye.nature of this exampie. but perusal of the moment-based
indicants in Table 3 shows that quantfiable differences in the
center of gravity (mean frequency), dispersion. and asymmetry
exist within pairs of twins. particularly dizygotic pairs.

To gauge how dissimilar each twin-spectra pair was, we
formed moment-based indexes of dissimilarity in mean fre-
quency, in dispersion about mean frequency, and in asymmetry
about mean frequency. Let {7 denote the moment-based indi-
cant of order k taken about the reference point a for twin m
(m = 1, 2). Thus, v, is the arithmetic mean. The index of
dissimilarity in mean (center of gravity) was defined as

[ = 2835

the index of dissimilarity in dispersion was defined as

. .

2
Z l72k.7|(” - 72&71( )l’
k=t

where v, = v,9; and the index of dissimilarity in asvmmertry
was defined as

n
Z I‘Y !k)‘l.ﬁr[ - 7&2’:’;1.‘;’1!'.7 v
k=2

Briefly, as n gets large, the moments capture more fullv all the
information in an NB waveform. and therefore, the dissimilar-
ity indexes provide increasingly satisfactory measures of the
distance separating two NB waveforms.

The interesting task, of course. is to identify precisely the
manner in which these waveforms differ. Therefore, the dissimi-
larity indexes defined above for center of gravity, dispersion. and
asymmetry were caiculated to gauge how similar or dissimilar
those specific features of the paired waveforms were. Recall that
those three features fully characterize the waveform when those
features are defined in terms of multidimensional moment-
based indicants. Resuits, summarized in Table 3, reveal that the
EEG spectra of monozygotic twins were more similar than the
EEG spectra of dizygotic twins in center of gravity (mean fre-
quency), dispersion about mean frequency. and asvmmetry
about mean frequency. [nspection of the moment-based indi-
cants provides yet more information about these EEG spectra.
We can see, for instance, that the preponderance of EEG activ-
ity in these spectra was less than 10 Hz, with mean frequency
ranging from 8.43 to 9.93 Hz. In addition. the moment-based
indicants of dispersion were greater for power spectra that ap-
pear smeared as opposed to peaked, in accordance with what
we would expect of measures of dispersion. In conclusion, the
moment-based indicants may provide a useful summary of the
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Figure 9. Electroencephalogram magnitude spectra (the positive square
root of the power spectra) of monozygotic and dizygotic twins at rest.
The magnituge spectra were standardized to a mass of one. Phi in the
figure is the median frequency withun the “alpha bump.” and aipha is
the proporaon of the total spectrum contained within a 3-Hz band cen-
tered o phy. | From “Genetic Determination.of.EEG Frequency Spec-
wa” by D. T. Lykken, A, Tellegen. & K. Thorkelson, 1974, Biological
Pswehology. 1. pp. 252, 254. Copyright 1974 by D. T. Lykken, A. Tel-
legen. & K. Thorkeison. Adapted by permission. )

physically realistic one-sided power spectrum as well as the two-
sided power spectrum.

Efficient Procedures for Estimating Moments
in the Frequency Domain

Zero crossings and the spectral moments. If we normalize
the two-sided power spectrum to a total mass of one, there isa
simpie relaton to zero crossings per second of the signal in the
ume doma:ia and the moments about zero of the normalized
two-sided power spectrum. Specifically, for the band-limited
case jwi < F.

,‘\' 2 F . F
(7") = fp w'"P(w)dw/fF P(w)dw

=2 fo F‘.,Z"P(wdw/ 2 J; " Ploido
= fo ) w?P(w)dw / L ) P(w)dw,

where the left-hand side of the equation is the square of the
number of zero crossings per second of the (n - 1)th derivative
of the time-domain signal and the right-hand side is the 2mh
éven moment of the normalized two-sided power spectrum
(Saltzberg & Burch, 1971; Saltzberg et al., 1985). For instance,
(N1/2), where N, is the number of zero crossings per second of
the signal, is the second spectral moment: (N,/2)*. where Niis
the number of zero crossings per second of the derivative of the
signial, is the fourth spectral moment. This important result per-
mits one to obtain the even moments of the two-sided power
spectrum by counting zero crossings ¢ Saltzberg, 1973: Saltzberg
& Burch, 1971). The method is economical but somewhat less
robust than a new method of .Computing. spectral moments
from the autocorrelation function ( Saltzberg et al.. 1983).

The autocorrelation function and the spectral moments,
Saltzberg et al. (1985) recently developed an innovative proce-
dure for computing the moments of the two-sided or the physi-
cally realistic one-sided power spectrum. The procedure in-
volves the summation of a small number of weighted sampies
of the autocorrelation function. The method is easy to apply. is
economical of time and effort, and is an accurate approxima-
tion. Moreover, it is robust with respect to the undertying sto-
chastic process. The method is of parncular value in the on-line

, monitoring of EEG over long periods of time. Saltzberg et al.

suggested that the shape of the normalized power specurum be
summarized on-line by the four standard moment-based pa-
rameters of mean, variance. skewness. and kurtosis. With re-

_gard to the utility of those moments-basad parameters, they

conciuded the following:
Of major significance in clinical applications, these parameters
provide easily interpretable measures of change in basic stochastic
properties of complex time series and therefore offer an eficient
and mathematically rigorous approach-to-the-analys:s and moni-
toring of complex biological signals such as the EEG. ( Salzberg et
al., 1985, p.93)

In sum, Saltzberg et al. outlined an efficient procedure for esti-
maung moments in the frequency domain. and they found
those shape descriptors to be theoretically and empirically
useful.

Estimation of Confidence Intervals and
Hypothesis Testing

Replications provide the basis for estimation of confidence
intervals and hypothesis testing for moment-based indicants.
Replications within subjects should provide for estimation of
within-subject variability, and repiications between subjects
should provide for estimation of between-subjects variability
(¢.g., see Cacioppo et al., 1983). Under the assumption of ro-
bustness, estimating and testing based on classical univariate
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Table 3
Moment-Based Indicants of Magnitude Spectra
Monozygotic twins Dizvgouc twins
Pair 112 Pair 102 Pair 002 Pair 012
Indicant _A B A B A B A B
Mean frequency
Dissimilarity* 0.01 0.03 0.87 0.15
1.0 9.48 9.47 8.43 8.46 9.93 9.06 9.50 9.65
Dispersion (bandwidth) about mean frequency
Dissimilarity® 0.14 0.06 0.75 1.47
Vi, 3.66 3.59 4.81 4.85 427 4.59 4.53 3.68
Yer, 5.34 5.29 5.98 5.97 5.58 5.78 5.68 5.29
Yeo.u, 6.34 - 6.32 6.84 6.83 6.35 6.58 6.43 6.20
Asymmetry about mean frequency
Dissimilasity® s . 0.26 - v 0,10 T 632 T T Tos3
Vv 2.82 2.96 3.45 3.40 -2.73 2.60 2.75 2.57
Y54, 5.12 5.19 5.76 5.73 -3.66 5.06 4.93 4.74
Y29, - 6.35 6.40 6.97 6.95 4.11 6.38 6.12 5.96

* Dissimilarity indexes calculated by using moment-based indicants about the origin (0).

indicants about the mean. - -

and multivariate normal distribution theory should be appro-
priate. On the other hand, there are methods for interval esti-
mation and hypothesis testing that are distribution-free—that
is. they are not based on classical Gaussian distribution the-
ory—and yet are very powerful. One such technique, the jack-
knife technique, can be applied without difficulty to the present
class of statistics if one wishes to avoid classical Gaussian distri-
bution theory (Arvesen & Saisburg, 1975; Efron, 1982; Rey,
1978: Tukey, 1969). As an added attraction, the jackknife tech-
nique reduces statistical bias (Rey, 1978). Two very readable
introductions to the jackknife technique—written for psychol-
ogists—can be found in Mosteller and Tukey's (1968) chapter
and in Tukey's (1969) article. In short, powerful methods for
interval estimation and hypothesis testing are provided by clas-
sical univariate and multivariate statistics given Gaussian as-
sumptions and by distribution-free procedures if one wishes to
avoid assumptions about the data distribution.

Concluding Remarks

In sum, if, as Fisher (1922) suggested, one major purpose of
slatistics is to summarize as much as possible the useful infor-
mation contained in a data set, then we believe that the compu-
tation of the moments appears to have a good chance of ac-
complishing this goal for NB waveforms in the time domain and
for arbitrary bounded waveforms in the amplitude and fre-
quency domains. This approach not only offers the advantage
of providing reduction of data but also readily permits intra—
interindividual comparisons. Two NB waveforms are identical
if and only if ail their moments and their total mass are equal.
Finally, although a waveform moment analysis may shed light
on aspects of responses that are not readily captured by other
representations. the moment-based representation of a wave-
form should not be considered solely as a rivai to other repre-

® Dissimilarity indexes calculated by using moment-based

sentations; each representation contributes something to our

* understanding 6f the underlying process in question (Box &

Jenkins, 1970, p. 44).
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